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A practical piezoelectric vibration energy harvesting (PVEH) system is usually composed of two coupled parts: a harvesting
structure and an interface circuit. Thus, it is much necessary to build system-level coupled models for analyzing PVEH systems,
so that the whole PVEH system can be optimized to obtain a high overall efficiency. In this paper, two classes of coupled models
are proposed by joint finite element and circuit analysis. The first one is to integrate the equivalent circuit model of the harvesting
structure with the interface circuit and the second one is to integrate the equivalent electrical impedance of the interface circuit
into the finite element model of the harvesting structure. Then equivalent circuit model parameters of the harvesting structure are
estimated by finite element analysis and the equivalent electrical impedance of the interface circuit is derived by circuit analysis.
In the end, simulations are done to validate and compare the proposed two classes of system-level coupled models. The results
demonstrate that harvested powers from the two classes of coupled models approximate to theoretic values. Thus, the proposed
coupled models can be used for system-level optimizations in engineering applications.
1. Introduction
Nowadays, low power consumption wireless sensor networks
(WSNs) are widely used inmilitary and industrial fields, such
as equipment operation condition monitoring, bridge health
monitoring, and intelligent transportation. As formost appli-
cations,WSNs are far frompower lines. In particular, wireless
sensor nodes may need to be embedded into mechanical
structures. Under those cases, it is difficult to power WSNs
by wires, so that battery is the most conventional solution for
WSNs. However, batteries need to be replaced regularly due
to their limited life spans. For WSNs placed in highly dan-
gerous or unreachable areas, it is hard and even impossible
to replace batteries. Nowadays, the most suitable solution to
extend the life of aWSN is to harvest environmental energy to
generate electrical energy. Up to now, many efforts have been
made on harvesting energy from environmental vibrations,
such as mechanical vibrations cause by operating equipment
or in-service bridges. Generally speaking, vibration energy
harvesting can be carried out by electrostatic [1], electromag-
netic [2], or piezoelectric mechanisms [3, 4]. In particular,
piezoelectric mechanism is of particular interest due to high
energy density and electromechanical coupling coefficient.
Thus, piezoelectric vibration energy harvesting (PVEH) has
been widely studied to realize self-powered WSNs [5, 6].
A typical PVEH system usually can be divided into two
parts. The first part is the harvesting structure composed
of piezoelectric material, elastic base, and electrodes, which
determines the electrical energy transformed from the vibra-
tion energy. The second part is the electrical part composed
of the interface circuit and storage unit, which determines
the efficiency of the electrical energy from the harvesting
structure into the storage unit such as capacitor. By now,
many works have been conducted on those two parts. For
the harvesting structure, piezoelectric cantilever beams are
widely used due to their tremendous application potential,
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Figure 1: Structure of a PVEH system with a parallel SSHI circuit.
including unimorph and bimorph type beams. For the
interface circuit, standard energy harvesting (SEH) interface
circuit composed of a full-wave bridge rectifier is first used.
But its efficiency is very low because intrinsic capacitance
of a piezoelectric patch is often very large and varies with
exciting frequencies, so that it is very difficult for SEH circuits
to achieve optimal impedance matching [7]. In order to
overcome this drawback, a technique called synchronized
switch harvesting on inductor (SSHI) has been proposed
to enhance the power output of a PVEH system, including
parallel SSHI (P-SSHI) and series SSHI (S-SSHI) circuits [8].
SSHI interface circuits are nonlinear, so it has been testified
that SSHI-based circuits can increase the harvested power by
several times compared to that of a SEH circuit under the
same inputs.
It can be seen that most existing works focus on either
the harvesting structure or the interface circuit. In particular,
many works on circuits in literature make the excessively
simplifying assumption of a purely capacitive model of the
piezoelectric circuit. In practice, however, the harvesting
structure and the interface circuit are coupled due to inverse
piezoelectric effect. Dynamic behaviors of the harvesting
structure are affected by the interface circuit. Conversely,
the output voltage of the harvesting structure will affect the
performance of the interface circuit. From the viewpoint of
engineering applications, the overall efficiency of a PVEH
system is truly expected, which depends on many contribut-
ing factors such as the vibration excitations, the geometries
and materials of the harvester structure, and the interface
circuit. For this reason, a PVEH system should be considered
as a whole for optimization to obtain a high overall efficiency.
Thus, it is much necessary to build a system-level coupled
model and carry out coupled analysis. Nowadays, one widely
used coupled model for a PVEH device is the equivalent
electromechanical circuit defined by lumped parameters
involving both mechanical and electrical quantities [9–12].
And then a two-port representation can reasonably account
for all feedbacks between the mechanical and the electrical
parts. Its main difficulty is to estimate rapidly and accurately
all model parameters, while direct measurements are time-
consuming. In recent years, finite elementmodelingmethods
are introduced into the field of PVEH, but it is difficult to
directly combine finite element and circuit analysis due to
the nonlinearity of interface circuits. In [13] finite element
solvers are coupled to SPICE circuit software to simulate
electrical responses of a PVEH device. However, it requires
transferring data between the finite element solver and SPICE
simulator at each iteration, which leads to low calculating
efficiency. Hence, there is an urgent need to rapidly and
accurately establish a system-level coupled model to analyze
and optimize a PVEH system.
In this paper, a typical PVEH system including a bimorph
piezoelectric harvesting structure and a parallel SSHI circuit
is taken into account. Then joint finite element and circuit
analysis is combined to construct system-level coupled mod-
els of the PVEH system. The innovation of this paper is
to propose two classes of coupled models. The first one is
a system-level coupled circuit model, which can be inde-
pendently built in circuit simulation software. The second
one is a system-level coupled finite element model, which
can be independently built in finite element software. Both
models do not require data transferring during working and
experimental tests for parameters estimations.The remainder
of this paper is organized as follows: current problems of
coupled modeling methods of a typical PVEH system are
summarized in Section 2. In Section 3, coupled modeling
methodology of the PVEH system is demonstrated based
on joint finite element and circuit analysis and two classes
of coupled models are proposed. Then the first-class model
is investigated in Section 4 and the second-class model is
investigated in Section 5. Simulations and experiments are
done in Section 6. Finally, Section 7 concludes the whole
paper.
2. Problem Statements
In this paper, a typical PVEH system composed of a bimorph
cantilever beam and a parallel SSHI circuit is shown in
Figure 1. In order to integrate the harvesting structure with
the interface circuit, themost conventional way is to build the
equivalent circuit model of the harvesting structure. Firstly,
the harvesting structure can be modeled as an equivalent

















Figure 3: Equivalent circuit model of the harvesting structure.
mechanical model involving mass (𝑀eq), damping (𝜂eq),
spring (𝐾eq), and piezoelectric unit as shown in Figure 2.
Furthermore, the harvesting structure can be equivalent
to an electrical current source [14]. In this case, the above
equivalent mechanical model can be transformed into an
equivalent circuitmodel shown in Figure 3 by using analogies
between mechanical and electrical quantities. 𝑉eq, 𝐼eq are the
equivalent voltage and current, respectively. The equivalent
inductor 𝐿eq is given by the equivalent mass𝑀eq. The equiv-
alent capacitor 𝐶eq is given by the equivalent stiffness 𝐾eq.
The equivalent resistor𝑅eq is given by the equivalent damping
ratio 𝜂eq. 𝐶𝑝 is the parasitic capacitor of the piezoelectric




















where 𝛼 is the force-voltage coupling factor.
However, if geometric shape of the harvesting structure
is irregular, (1) will be less accurate. Finally, the equivalent
circuit model can be directly connected to the interface cir-
cuit. By this way, coupled analysis of the PVEH system can be
carried out. However, now three main difficulties still coexist
in this task: (a) accurate identification of equivalent model
parameters is always time-consuming based on experimental
tests. In particular, an exact value of the equivalent mass𝑀eq
cannot be easily determined by direct measurements [15];
(b) all geometric and material parameters of the harvesting
structure will not appear in this coupled model, so it is
difficult to optimize the harvesting structure itself; (c) the
parallel SSHI circuit is nonlinear, instead of a linear one.Thus,
a rapid and reliable modeling method of coupled behaviors
between the harvesting structure and interface circuit is
highly desirable.
3. Coupled Modeling Methodology of
the PVEH System by Joint Finite Element
and Circuit Analysis
In order to overcome the above difficulties in calculating
equivalent model parameters, finite element analysis (FEA)
is introduced for coupled modeling of the PVEH system in
this paper. Nowadays, as we all know, many commercial FEA
software can be used for structural and circuit analysis, such
as ANSYS and COMSOL. Based on it, two classes of system-
level coupled modeling methods are proposed as follows.
The first-class model is to integrate the equivalent circuit
model of the harvesting structure with the interface circuit
as shown in Figure 4(a). Its basic idea is to transform the
harvesting structure into an equivalent circuit, which has
been stated in Section 2. Different from previous works [15],
here finite element model of the harvesting structure is built
and its equivalent model parameters are estimated by FEA.
Then a system-level coupling electrical model is built, which
can be analyzed in circuit analysis software. Advantages
of this method include the following: (a) arbitrary-shaped
harvesting structures can be analyzed; (b) it is more rapid
and accurate to estimate all model parameters than by direct
measurements.
The second-classmodel is to integrate the equivalent elec-
trical impedance of the interface circuit into the finite element
model of the harvesting structure as shown in Figure 4(b).
Its basic idea is to directly build the interface circuit in finite
element software. However, SSHI circuits include nonlinear
components, such as diodes and transistors. While most
commercial FEA software can only simulate a linear circuit,
it is difficult to directly build nonlinear SSHI circuits by
FEA software. In order to solve this problem, equivalent
electrical impedance of the SSHI circuit can be derived based
on circuit theories. By this way, the nonlinear SSHI circuit
can be represented by linear components. Then the SSHI
circuit can be directly connected to the harvesting structure
in FEA software, so that a system-level coupled model can
be built and analyzed. Advantages of this method include
the following: (a) all geometric and material parameters of
the harvesting structure are retained so that the harvesting






















(b) A system-level coupled finite element model
Figure 4: Schematic diagrams of the proposed two classes of coupled models.
structure can be optimized accounting for the effects of the
interface circuit; (b) no circuit software is needed.
4. The First-Class Coupled Model: Estimation
of Equivalent Model Parameters by FEA
As for the first-class coupled model in Figure 4(a), the key
step is to accurately estimate equivalent model parameters
by finite element analysis. Here, a bimorph piezoelectric har-
vesting structure is taken into account and its finite element
model is built by the COMSOL Multiphysics software, as
shown in Figure 5.
For the sake of estimating equivalent model parameters,
a simple four-step method is presented as follows.
Step 1 (calculation of short-circuit resonant frequency (𝑓sc)).
The output terminal of the harvesting structure is connected
to the ground, so that a short-circuit condition is formed.
Then “eigenfrequency analysis” is conducted in COMSOL
and the short-circuit resonant frequency 𝑓sc can be calcu-
lated. On the other hand, the formula of 𝑓sc can be described
as in (2) according to Figure 3:









Step 2 (calculation of open-circuit resonant frequency (𝑓oc)).
No load is connected to the harvesting structure so that
an open-circuit condition is formed. Then “eigenfrequency
analysis” is conducted in COMSOL and the open-circuit


































Figure 6: The first-class system-level coupled model of the PVEH system.
resonant frequency 𝑓oc can be calculated. On the other hand,









Step 3 (calculation of output charges under a given DC
voltage). Under the open-circuit condition, an arbitrary DC
voltage 𝑉0 is functioned across the two electrodes on the
harvesting structure. Then the corresponding output charge
𝑄0 is calculated. On the other hand, the formula of𝑄0 can be
described as in (4) according to Figure 3:
𝑄0 = (𝐶𝑝 + 𝐶eq)𝑉0. (4)
Step 4 (calculation of open-circuit voltages under two given
harmonic excitations). Under open-circuit conditions, two
harmonic excitations (𝐹1 = 𝑓1 cos𝜔1𝑡, 𝐹2 = 𝑓2 cos𝜔2𝑡)
are exerted on the free end of the harvesting structure,
respectively. Then the corresponding open-circuit voltage
amplitudes, 𝑉1oc, 𝑉
2
oc, are calculated. On the other hand, the
formulas of 𝑉1oc, 𝑉
2
oc can be described as in (5a) and (5b)
according to Figure 3:
𝑉eq =
󵄨󵄨󵄨󵄨󵄨


















By now, model parameters 𝐿eq, 𝐶eq, and 𝐶𝑝 can be
estimated from (2)∼(4) and 𝑉eq, 𝑅eq can be estimated from
(5a) and (5b). Finally, the first-class coupled model can
be alone built in the Multisim software by connecting the
equivalent model to the parallel SSHI interface circuit, as
shown in Figure 6.Here, the parallel SSHI circuit is composed
of a bridge rectifier and a self-powered switch circuit [16].The
forward voltage drop of each diode is denoted as 𝑉𝐷 and a
pure resistor 𝑅 is utilized as the load.
5. The Second-Class Coupled Model:
Calculation of the Equivalent Electrical
Impedance by Circuit Analysis
As for the second-class coupled model in Figure 4(b), the key
principle is to transform the parallel SSHI circuit into the
corresponding equivalent electrical impedance. Liang and
Liao [15] have proposed an effective way of impedance mod-
eling of different interface circuits, where it was assumed that
the function of the fundamental harmonic was dominant.
Further, the piezoelectric harvesting structure can filter away
most components higher than the first-order one due to its
band-pass characteristics, so this approximation is feasible. In
this case, the equivalent electrical impedance of the parallel
SSHI circuit can be derived.
Here, the same methodology is adopted as follows.
According to existing works [8], characteristic voltage and
current waveforms of the parallel SSHI circuit are shown in
Figure 7. Then the output voltage of the harvesting structure






𝑉oc [1 − cos (𝜔𝑡)] − 𝛾𝑉rec, 0 ≤ 𝜔𝑡 < 𝜃,
𝑉rec, 𝜃 ≤ 𝜔𝑡 < 𝜋,
𝛾𝑉rec − 𝑉oc [1 + cos (𝜔𝑡)] , 𝜋 ≤ 𝜔𝑡 < 𝜋 + 𝜃,
−𝑉rec, 𝜋 + 𝜃 ≤ 𝜔𝑡 < 2𝜋,
(6)
where 𝑉rec is the rectified voltage, 𝑉oc is the open-circuit
voltage amplitude, 𝜃 is the rectified blocked angle, and 𝛾 is
the voltage inversion factor defined as the voltage ratio of after




where 𝑄 is the quality factor of the switching loop. And the
relation between 𝜃 and 𝑉rec can be formulated as follows
based on (6):
cos 𝜃 = 1 −
(1 + 𝛾) (𝑉rec + 𝑉𝐷)
𝑉oc
, (8)



















Figure 7: Characteristic voltage and current waveforms of the
parallel SSHI circuit.
where 𝑉𝐷 is the forward voltage drop of the rectified diode.





[(1 − cos 𝜃) ( 4
1 + 𝛾
− 1 + cos 𝜃)
+ 𝑗 (sin 𝜃 cos 𝜃 − 𝜃)] ≜ 1
𝜋𝜔𝐶𝑝
(𝛼 + 𝑗𝛽) .
(9)
Next, it needs to calculate the equivalent electrical
impedance of the parallel SSHI circuit. According to (10), the
equivalent electrical impedance of the parallel SSHI circuit





























where𝛽1 = (1−cos 𝜃)(4/(1+𝛾)−1+cos 𝜃),𝛽2 = sin 𝜃 cos 𝜃−𝜃.
It can be seen from (11) that 𝑍P-SSHI is a function of 𝜔,
𝜃, and 𝛾. In addition, once the base excitation frequency
and the structure of the parallel SSHI circuit are determined,
𝑍P-SSHI will be a constant independent of the voltage source.
Furthermore, 𝑍P-SSHI is composed of real and imaginary
components. The real component corresponds to a resistor
and the imaginary component corresponds to an inductor












+ 𝛽2𝜋 > 0, it will be an inductor. Otherwise, it will be
a capacitor. Thus, the parallel SSHI circuit will be simplified
to be a linear load, which includes a resistor in series with
an inductor or a capacitor. Excitingly, a linear circuit can
be easily built and analyzed by commercial FEA software.
First of all, finite element model of the bimorph cantilever
beam is built in the COMSOL software. Based on the value of
𝑍P-SSHI, then a resistor and a capacitor or inductor are added
into “electrical part” as linear loads. Finally, the second-class
Linear loads
Figure 8: The second-class system-level coupled model of the
PVEH system.
Table 1: Component parameters of the parallel SSHI circuit.
𝑉𝐷 𝐶𝑟 𝑅 𝑅1, 𝑅2
0.5 V 5 𝜇F 100 kΩ 200 kΩ
Table 2: Geometric dimensions of the bimorph cantilever beam.
Component Dimensions
Piezoelectric patch (PZT-5H) 50mm × 20mm × 0.2mm
Tip mass (steel) 8mm × 20mm × 2mm
Elastic base (copper) 65mm × 20mm × 0.2mm
coupled model can be built in the COMSOL software by
connecting the above two parts, as shown in Figure 8.
6. Simulation Validations
6.1. Prototype of a PVEH System. In this section, a prototype
of a PVEH system as in Figure 1 is studied. Basic component
parameters of the parallel SSHI circuit shown in Figure 6
are listed in Table 1. Geometric dimensions and material
properties of the bimorph cantilever beam are shown in
Tables 2 and 3, respectively. The vibration excitation is
assumed to be 𝐹 = 0.01 sin 2𝜋𝑓𝑡, where 𝑓 is the excitation
frequency. In order to calculate the harvested power, a pure
resistor𝑅 = 100 kΩ is selected as the load of the parallel SSHI
circuit.
6.2. Comparison of the Two Classes of Coupled Models. For
the first-class coupled model, the parameter identification
method in Section 4 is used and equivalentmodel parameters
of the harvesting structure are estimated as Table 4 by using
the geometric and material properties in Tables 2 and 3.
Then the first-class coupled model of the PVEH system
is built in the Multisim10.0, where the switch in the parallel
SSHI circuit is realized by a self-powered electronic switch as
shown in Figure 6. The harvested power from the first-class







where 𝑉0 is the output voltage across the load 𝑅.
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Table 4: Equivalent model parameters of the harvesting structure.
𝑉eq 𝑅eq 𝐿eq 𝐶eq 𝐶𝑝
22.4V 170.2 kΩ 17.18 kH 2.09 nF 66.34 nF
For the second-class coupled model, the equivalent
impedance parameters of the parallel SSHI circuit are calcu-
lated based on (11). It can be seen that the electrical impedance
of the parallel SSHI circuit is a linear load involving a resistor
in series with a capacitor. Then the second-class coupled
model of the PVEH system is built in COMSOL4.2a. By using
FEA, the current 𝐼𝑝 flowing into the equivalent impedance
𝑍P-SSHI and the voltage 𝑉𝑝 (e.g., 𝑉0) across the equivalent
impedance 𝑍P-SSHI can be calculated, respectively. By this
way, the harvested power from the second-class coupled





where the angle 𝜑 can be calculated as follows:









eq Re [𝑍𝑐 (𝑗𝜔)]
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In order to compare the two classes of coupled models,
the same excitation is used. Here the excitation frequency
is set to 𝑓 = 27Hz and its amplitude is equal to estimated
𝑉eq. Finally, harvested powers from the two classes of coupled
models under different 𝑅 are estimated as shown in Figure 9.
Furthermore, frequency responses of the harvested power of
the two coupled models are shown in Figure 10.
It can be seen from Figures 9 and 10 that harvested
powers from the two classes of coupled models are almost
the same under different loads and excitation frequencies.
In addition, both estimated harvested powers are very close
to the theoretic values. Thus the proposed coupled models
can be used for system-level optimizations in engineering
applications.



















Load R (kΩ) 
P2: result of the second-class model
P1: result of the first-class model
P3: theoretic value
Figure 9: Comparison of harvested powers from the two classes of
coupled models.




















P2: result of the second-class model
P1: result of the first-class model
P3: theoretic value
Figure 10: Comparison of frequency responses of harvested power
from the two classes of coupled models.
6.3. Parameters Optimization of the PVEH System Using
System-Level CoupledModels. As we all know, the two capac-
itors (𝐶1 = 𝐶2 = 𝐶) and the inductor (𝐿) in the parallel SSHI
circuit (shown in Figure 6) are key parameters. Thus, they
should be optimized to obtain the highest overall efficiency
of a PVEH system under a given vibration excitation. Here a
harvesting structure described as in Tables 1 and 2 is adopted
and fixed. The excitation is assumed as 𝐹1 = 0.01 sin 40𝜋𝑡.
Then the first-class coupled model is used to optimize 𝐶 and
𝐿 instantaneously. Finally, the 3D plot of the harvested power
with 𝐶 and 𝐿 is shown in Figure 11.































Figure 11: 3D plot of the harvested power with 𝐶 and 𝐿.
It can be seen fromFigure 11 that themaximumharvested
power is achieved when 𝐶 = 3 nF and 𝐿 = 10mH.
In addition, the maximum harvested power increases very
little when 𝐿 is larger than 10mH. Similarly, the second-
class coupled model can be used to optimize geometric and
material properties of the harvesting structure, whichwill not
be repeated in this paper.
7. Conclusions
Due to coupling interactions between energy harvesting
structure and the interface circuit in a practical PVEHsystem,
it is much necessary to build a system-level coupled model
for optimizing the PVEH system and improving its overall
conversion efficiency. In this paper, two classes of system-
level coupled models are proposed based on joint finite
element and circuit analysis.
Main conclusions of this papermay include the following:
(i) Both coupled models lead to similar results, so either
one can be used for system-level optimizations of PVEH
systems in engineering applications. (ii) The system-level
circuit model is based on lumped-parameter model for the
harvesting structure, so that geometric dimensions cannot
be involved and optimized, while the interface circuit can be
optimized easily. (iii) The system-level finite element model
is based on equivalent impedance of the interface circuit,
so it is inconvenient to optimize the interface circuit. While
geometric dimensions of the harvesting structure can be
involved easily, (iv) equivalent circuit model parameters of
the harvesting structure can be estimated by FEA, instead
of experimental measurements. However, this method may
be unfit for irregular piezoelectric cantilever beams. (v)
The highest overall efficiency of a PVEH system would be
achieved by using the proposed coupled models. In addi-
tion, it must be addressed that approximations are adopted
in both coupled models, so certain deviations may exist
in the results. Thus, experiments should be performed to
testify the proposed two system-level coupled models in the
future.
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